Abstract--This paper discusses a new approach to modeling gear tooth surfaces. A computer graphics solid modeling procedure is used to simulate the tooth fabrication processes. This procedure is based on the principles of differential geometry that pertain to envelopes of curves and surfaces. The procedure is illustrated with the modeling of spur, helical, bevel, spiral bevel and hypoid gear teeth. Applications in design and manufacturing are discussed. Extensions to nonstandard tooth forms, to cams, and to rolling element bearings are proposed.
PRELIMINARY ANALYSIS

Envelopes of curves and surfaces; modeling of surface generation
Consider a plane curve C defined by the equation
where t is a parameter.
Suppose that C has a typical form as in Fig. 1 . Let C be such that it can be moved (or repositioned) in the plane without being distorted. Let t be a parameter determining this repositioning. Then as t varies, the locus of positions of C form the family of curves seen in Fig. 2 . The curve E, representing the limiting location of the family, is the "envelope" of the family.
Suppose that a family of curves is represented in analytical form as
where F is continuous with nonvanishing partial derivatives with respect to x and y. Then it is known that an envelope of the family may be determined by using the relation [17, 18] _F/at = 0.
That is, the elimination of the parameter t between equations (2) and (3) 
' _!ii_i_i _i/_!_ii'_ _:_ 
From Fig. 3 we see that the coordinates of P are xp=rcos0 and yp=rsin0.
Hence, from equation (4), the equation of L may be expressed as
In the form of equation (2), this becomes
Equation ( Hence, the equation of the envelope may be obtained by eliminating 0 between equations (8) and (9) . That is, by solving equations (8) and (9) for x and y we obtain x=rcos0 and y=rsin0.
Finally, by eliminating 0, we have
This is the equation of the envelope of the family of lines. As expected, it is a circle with radius r and center O.
The envelope of a cutting tool may be obtained in a similar manner. The cutting tool envelope is determined by the infinite family of surfaces formed by the tool. Hence, using a procedure based upon equations (2) and (3), we may simulate surface generation in a manufacturing process. More specifically,
we can simulate and model gear tooth surfaces.
Involute of a circle
To establish the procedures for modeling gear tooth surfaces, it is helpful to briefly review the properties of involute curves. Recall that the involute of a circle may be characterized as the locus of positions of the end point of a cord being unwrapped form the circle. Figure 4 depicts an involute I of a circle C. Let P be a typical point on the involute and let _ measure the unwrapping. Then the position vector p locating P relative to the circle center O may be expressed as
where x and y are the horizontal and vertical coordinates of P, r is the circle radius, and n.,, n_, n, and n_ are the horizontal, vertical, radial and tangential unit vectors as shown in Fig. 4 . The unit vectors are then related by the expressions n, = sin _bnx + cos _bn_. and n_ = -cos _n, + sin _bn._..
When a substitution for n r and n, from equation (13) is made in equation (12), x and y are seen to be related to r and _b by the expressions x=rsin_b-r_b-cos_b and y=rcos4,+r_sin_b.
Equations (14) are parametric equations defining the involute. The slope of the involute at P is then 717
Use of computer graphics
The concept of parametric equations defining the envelope of a family of lines can be used as a basis for computer graphics modeling of involute spur gear teeth. To illustrate, consider a perfectly plastic circular disk rolling in a straight line, as in Fig. 5 . Let the disk encounter a rigid protrusion, such as an isosceles triangle, on the rolling surface. After the disk rolls over the protrusion, the impression (or footprint) left in the plastic disk represents the envelope of the sides of the triangle relative to a coordinate system fixed in the disk. This envelope is an involute of a circle whose radius is equal to that of the rolling disk less the triangle height [15] .
This simulation can be used to represent the manufacture of an involute spur gear tooth: let the rolling disk be replaced by a gear blank rolling on its base circle as seen in Fig. 6 . When the rolling gear blank encounters a cutter in the shape of an involute rack tooth, the impression on the blank is the gap between the teeth of an involute spur gear. Furthermore (as demonstrated in Refs [15, 16] ), the simulation also defines the trochoidal geometry at the root of the gear teeth. Figure 6 shows how this procedure was used with computer graphics software [19] We address these questions in the following sections.
ENVELOPE OF A ROLLING INVOLUTE CUTTER
To develop an analytical basis for the graphical simulation, consider first two roiling disks WI and 14" 2 whose radii rl and r2 define pitch circles of mating spur gears (Fig. 7) . Let a cutter shaped like an involute tooth be placed on I4"2 and let G_ be a gear blank placed on W_. The cutter will leave a gear tooth impression (or footprint) on the gear blank as W t rolls with W 2.
To obtain an analytical representation of the impression, it is helpful to introduce coordinate axes fixed in Wi and W 2, as shown in 
Observe that, since WL rolls on W2, _ and 02 are not independent• Indeed, from Fig. 8 we see that
The rolling condition requires that
Hence, by solving for 02 and for _ -02, we have Then by performing the differentiation of equation (22), we obtain the expression
By using equations (16) and (20), equation (24) may be expressed in terms of x and y as
Suppose that the cutter profile is an involute [as in equation (14) 
Thus, we have R. L. Hus-ror,; et al.
Finally, consider the expression of the involute cutter profile in Gj: by substituting for x and )' from equations (14) into (17) and by using equation (20), we obtain .
[ rla\
Observe from equation (24) that
where the parameter/8 is defined by the final equality. Hence, by substituting into equation (30), we have .'_ = r I sin fl --rift cosfl and
by comparing equations (32) with equations (14), we see that they have the same form. Therefore, the envelope (or footprint) of the involute cutter in G_ is itself an involute.
COMPUTER
GRAPHICS RESULTS
A computer graphics software system [19] was used to simulate the gear cutting process for several types of gears. First, to simulate an involute rack cutter, a plastic disk was rolled over a series of rigid straight-sided protrusions (Fig. 6) . The disk was examined and found to have involute teeth cut into its surface. Finally, a similar procedure was used to generate images of helical, bevel, spiral bevel, and hypoid gears. Figures 9-12 show the simulations. 
DISCUSSION
